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We characterize Banach lattices for which each positive weak Dunford–Pettis operator from
a Banach lattice into another dual Banach lattice is almost Dunford–Pettis. Also, we give
some suﬃcient and necessary conditions for which the class of positive weak Dunford–
Pettis operators coincides with that of positive Dunford–Pettis operators, and we derive
some consequences.
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1. Introduction and notation
An operator T from a Banach space E into a Banach space F is called Dunford–Pettis if the image of any weakly null
sequence in E is norm convergent to 0 in F . Alternatively, T is Dunford–Pettis if T maps relatively weakly compact sets of
E into relatively compact sets of F .
Also, recall from [9] that an operator T from a Banach lattice E into a Banach space F is said to be almost Dunford–
Pettis if the sequence (‖T (xn)‖) converges to 0 for every weakly null sequence (xn) consisting of pairwise disjoint elements
in E .
There exists another space of operators called weak Dunford–Pettis operators. Recall from [1], that an operator T from
a Banach space E into another F is said to be weak Dunford–Pettis if (y′n(T (xn))) converges to 0 whenever (xn) converges
weakly to 0 in E and (y′n) converges weakly to 0 in F . Alternatively, T is weak Dunford–Pettis if the composed operator
S ◦ T is Dunford–Pettis for each weakly compact operator S from F into G , for an arbitrary Banach space G .
The latter class of operators differs from that of almost Dunford–Pettis operators. In fact, the ﬁrst one is deﬁned between
Banach spaces while the second one is deﬁned from a Banach lattice into a Banach space. Moreover even between Banach
lattices, these two classes are different in general. For examples, the identity operator Idc0 : c0 → c0 is weak Dunford–Pettis
(because c0 has the Dunford–Pettis property) with out being almost Dunford–Pettis. Conversely, for Wnuk (see [9, Example 1,
p. 231]), the Lorentz space ∧(ω,1) has the positive Schur property but does not have the Dunford–Pettis property, and hence
the identity operator Id∧(ω,1) : ∧(ω,1) → ∧(ω,1) is almost Dunford–Pettis but it is not weak Dunford–Pettis.
On the other hand, each Dunford–Pettis operator is weak Dunford–Pettis but the converse is false in general. In fact,
the identity operator of the Banach space c0 is weak Dunford–Pettis but it is not Dunford–Pettis. However, if F is reﬂexive,
the class of Dunford–Pettis operators and that of weak Dunford–Pettis operators are equal.
The main purpose of this work is to characterize Banach lattices on which all positive weak Dunford–Pettis operators are
almost Dunford–Pettis. More precisely, we will prove that if E is a Banach lattice and F a dual Banach lattice i.e. F = F ′0
for some Banach lattice F0, then each positive weak Dunford–Pettis operator from E into F is almost Dunford–Pettis if and
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that the assumption “F is a dual Banach lattice” is essential in Theorem 2.2 (Remark 2.1). Next, whenever E and F are
two Banach lattices with F Dedekind σ -complete, we will show that if each positive weak Dunford–Pettis operator from E
into F is almost Dunford–Pettis, then E has the positive Schur property or F has an order continuous norm (Theorem 2.3).
By an example, we will establish that the second necessary condition of Theorem 2.3 is not suﬃcient (Remark 2.2). As
consequences, we derive some characterization of the positive Schur property.
Also, we give some suﬃcient and necessary conditions for which each positive weak Dunford–Pettis operator is Dunford–
Pettis. We will prove that if E and F are Banach lattices with F Dedekind σ -complete such that each positive weak
Dunford–Pettis operator from E into F is Dunford–Pettis, then E has the Schur property or F has an order continuous
norm (Theorem 2.6). After that, if E and F are two Banach lattices such that E has an order continuous norm and each
weak Dunford–Pettis operator T : E → F is Dunford–Pettis, we will establish that E has the Schur property or F is a KB-
space (Theorem 2.8). As consequences, we derive some characterizations of the Schur property.
To state our results, we need to ﬁx some notation and recall some deﬁnitions. A vector lattice E is Dedekind σ -complete
if every nonempty countable subset that is bounded from above has a supremum.
A Banach lattice is a Banach space (E,‖ · ‖) such that E is a vector lattice and its norm satisﬁes the following property:
for each x, y ∈ E such that |x| |y|, we have ‖x‖ ‖y‖. If E is a Banach lattice, its topological dual E ′ , endowed with the
dual norm and the dual order, is also a Banach lattice. A norm ‖ · ‖ of a Banach lattice E is order continuous if for each
generalized sequence (xα) such that xα ↓ 0 in E , the generalized sequence (xα) converges to 0 for the norm ‖ · ‖ where
the notation xα ↓ 0 means that (xα) is decreasing, its inﬁmum exists and inf(xα) = 0. The lattice operations in a Banach
lattice E are said to be weakly sequentially continuous if the sequence (|xn|) converges to 0 for the weak topology σ(E, E ′)
whenever the sequence (xn) converges to 0 for σ(E, E ′).
We will use the term operator T : E → F between two Banach lattices to mean a bounded linear mapping. It is positive
if T (x) 0 in F whenever x 0 in E .
We refer the reader to [1] for unexplained terminology on Banach lattice theory and positive operators.
2. Main results
Let us recall that a Banach lattice E has the positive Schur property if each weakly null sequence with positive terms in
E converges to zero in the norm. For example, the Banach lattice L1([0,1]) has the positive Schur property.
We will need the following characterizations, which are just Corollary 2.6 and Corollary 2.7 of Dodds and Fremlin [3].
Lemma 2.1. Let E be a Banach lattice and let (xn) be a sequence of E. Then the following statements are equivalent:
(1) ‖xn‖ → 0.
(2) |xn| → 0 for σ(E, E ′) and fn(xn) → 0 for every bounded disjoint sequence ( fn)n in (E ′)+ .
Lemma 2.2. Let E be a Banach lattice and let ( fn) be a sequence of E ′ . Then the following statements are equivalent:
(1) ‖ fn‖ → 0.
(2) | fn| → 0 for σ(E ′, E) and fn(xn) → 0 for every bounded disjoint sequence (xn)n in E+ .
For the next result, we need to establish the following characterization of the positive Schur property.
Theorem 2.1. Let E be a Banach lattice. Then, the following assertions are equivalent:
(1) Each positive operator from E into l∞ is almost Dunford–Pettis.
(2) E has the positive Schur property.
Proof. (1) ⇒ (2) We establish that E has the positive Schur property. Assume that E does not have this property, then
there exists a disjoint weakly null sequence (xn) in E+ which is not norm convergent to 0 (see Theorem 3.1 of [2]). Now, it
follows from Lemma 2.1, the existence of a bounded disjoint sequence ( fn)n in (E ′)+ such that fn(xn) ε for every n ∈ N
(ε > 0 ﬁxed). Now, consider the operator S : E → ∞ deﬁned by
S(x) = ( fm(x)
)
m0 for each x ∈ E.
It is easy to see that S is positive, but it is not almost Dunford–Pettis. In fact, (xn)n is a disjoint weakly null sequence in E ,
but
∥∥S(xn)
∥∥ = ∥∥( fm(xn)
)
m0
∥∥∞  fn(xn) ε, ∀n.
This presents a contradiction, and hence E has the positive Schur property.
(2) ⇒ (1) Obvious. 
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As an example, each reﬂexive Banach lattice is a KB-space.
It is clear that each KB-space has an order continuous norm, but a Banach lattice with an order continuous norm is not
necessary a KB-space. In fact, the Banach lattice c0 has an order continuous norm but it is not a KB-space. However, for
each Banach lattice E , its topological dual E ′ is a KB-space if and only if its norm is order continuous.
A Banach lattices F is called a dual KB-space (resp. a dual Banach lattice) if F is a KB-space and F = F ′0 for some Banach
lattice F0 (resp. F = F ′0 for some Banach lattice F0).
The following theorem gives a characterization of Banach lattices under which each positive weak Dunford–Pettis opera-
tor from a Banach lattice E into a dual Banach lattice F is almost Dunford–Pettis.
Theorem 2.2. Let E and F be two Banach lattices such that F is a dual Banach lattice. Then the following assertions are equivalent:
(1) Each positive weak Dunford–Pettis operator T : E → F is almost Dunford–Pettis.
(2) One of the following assertions is valid:
(a) E has the positive Schur property.
(b) F is a KB-space.
Proof. (1) ⇒ (2) It suﬃces to establish that if F is not a KB-space, then E has the positive Schur property. Suppose that
F is not a KB-space and consider an arbitrary positive operator T : E → ∞ . Since ∞ is order embeddable in F (see
Theorem 4.51 of [1]) and ∞ has the Dunford–Pettis property, then T is weak Dunford–Pettis, and hence it is almost
Dunford–Pettis by our assumption. Finally, Theorem 2.1 ﬁnishes the proof.
(2)(a) ⇒ (1) Obvious.
(2)(b) ⇒ (1) Let (xn) be a disjoint sequence in E+ such that xn → 0 for σ(E, E ′). Since (T (xn)) ⊂ F = F ′0, then Lemma 2.2,
to prove that T is almost Dunford–Pettis it suﬃces to establish that gn(zn) → 0 for each norm bounded disjoint sequence
(zn)n in F
+
0 (where gn = T (xn) ∈ F ′0). For that, let (zn)n be a disjoint sequence in F+0 which is bounded for the norm. Since
the norm of the topological dual F ′0 is order continuous (because F ′0 = F and F is a KB-space), it follows from Corollary 2.9
of Dodds and Fremlin [3] that zn → 0 for σ(F0, F ′0). Now, as the canonical injection τ : F0 → F ′′0 is weakly continuous, then
τ (zn) → 0 in the topology σ(F ′′0 , F ′′′0 ) = σ(F ′, F ′′) (note that F ′′0 = F ′ and F ′′′0 = F ′′). Finally, as T is weak Dunford–Pettis, we
deduce that τ (zn)(T (xn)) → 0. But, we know that
τ (zn)
(
T (xn)
) = τ (zn)(gn) = gn(zn), ∀n.
Then, gn(zn) → 0. 
Remark 2.1. The assumption “F is a dual Banach lattice” is essential in Theorem 2.2. In fact, if we consider E = l∞ and
F = c0, it is clear that F = c0 is not a dual Banach lattice and each operator from l∞ into c0 is Dunford–Pettis (and then
almost Dunford–Pettis). But the conditions (2)(a) and (2)(b) of Theorem 2.2 fail i.e. l∞ does not have the positive Schur
property and c0 is not a KB-space.
If instead of assuming F is a dual Banach lattice in Theorem 2.2, we assume that F is Dedekind σ -complete, we obtain
Theorem 2.3. Let E and F be two Banach lattices with F Dedekind σ -complete. If each positive weak Dunford–Pettis operator from E
into F is almost Dunford–Pettis, then one of the following assertions is valid:
(1) E has the positive Schur property.
(2) F has an order continuous norm.
Proof. It suﬃces to establish that if the norm of F is not order continuous, then E has the positive Schur property. Suppose
that the norm of F is not order continuous and consider an arbitrary positive operator T : E → ∞ . Since ∞ is order
embeddable in F (see Theorem 4.51 of [1]) and ∞ has the Dunford–Pettis property, then T is a weak Dunford–Pettis
operator, and hence it is almost Dunford–Pettis by our assumption. Finally, Theorem 2.1 ﬁnishes the proof. 
Remark 2.2. The second necessary condition of Theorem 2.3 is not suﬃcient i.e. there exist Banach lattices E and F such
that the norm of F is order continuous but a positive weak Dunford–Pettis operator T : E → F is not necessary almost
Dunford–Pettis. In fact, if we consider E = F = c0, it is clear that the norm of F = c0 is order continuous and the identity
operator Idc0 : c0 → c0 is weak Dunford–Pettis (because c0 has the Dunford–Pettis property) but it is not almost Dunford–
Pettis.
Remark 2.3. The assumption “F is Dedekind σ -complete” is essential in Theorem 2.3. In fact, if we consider E = l∞ and
F = c the Banach lattice of all convergent sequences, it is clear that F = c is not Dedekind σ -complete and each operator
from l∞ into c is Dunford–Pettis (and then almost Dunford–Pettis). But the conditions (1) and (2) of Theorem 2.3 fail i.e. l∞
does not have the positive Schur property and the norm of c is not order continuous.
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Corollary 2.1. Let E and F be two Banach lattices with F Dedekind σ -complete. If the norm of F is not order continuous, then the
following assertions are equivalent:
(1) Each positive operator T from E into F is almost Dunford–Pettis.
(2) E has the positive Schur property.
A Banach lattice E is said to have the Schur property if every weakly convergent sequence to 0 in E is norm convergent
to zero (equivalently, the lattice operations in E are weakly sequentially continuous and E has the positive Schur property).
For example, the Banach lattice l1 has the Schur property, but the Banach lattice L1([0,1]) does not have the Schur property.
For more information about these notions see [6–8].
The following result gives some suﬃcient conditions under which each positive weak Dunford–Pettis operator from E
into F is Dunford–Pettis.
Theorem 2.4. Let E and F be two Banach lattices. Then each positive weak Dunford–Pettis operator from E into F is Dunford–Pettis if
one of the following assertions is valid:
(1) F is a dual KB-space and the lattice operations in E are weakly sequentially continuous.
(2) F is a discrete KB-space.
(3) The norm of the topological bi-dual F ′′ is order continuous and the lattice operations in E are weakly sequentially continuous.
(4) E has the Schur property.
(5) F is reﬂexive.
Proof. Let T : E → F be a positive weak Dunford–Pettis operator and let (xn)n in F be a sequence such that xn → 0 for the
topology σ(E, E ′).
(1) Since the lattice operations in E are weakly sequentially continuous, then |xn| → 0 for σ(E, E ′). And hence
T (|xn|) → 0 for the topology σ(E ′, E). Now, from |T (xn)| T (|xn|) for each n, we conclude that |T (xn)| → 0 for σ(F , F ′).
On the other hand, since (T (xn)) ⊂ F = F ′0 (because F is a dual KB-space), then by Lemma 2.2, to prove that
‖T (xn)‖F → 0 it suﬃces to establish that gn(zn) → 0 for each norm bounded disjoint sequence (zn)n in F+0 (where
gn = T (xn) ∈ F ′0). For that, let (zn)n be a disjoint sequence in F+0 which is bounded for the norm. Since the norm of
the topological dual F ′0 is order continuous (because F ′0 = F and F is a KB-space), it follows from Corollary 2.9 of Dodds
and Fremlin [3] that zn → 0 for σ(F0, F ′0). Now, as the canonical injection τ : F0 → F ′′0 is weakly continuous, then τ (zn) → 0
in the topology σ(F ′′0 , F ′′′0 ) = σ(F ′, F ′′) (note that F ′′0 = F ′ and F ′′′0 = F ′′). Finally, as T is weak Dunford–Pettis, we deduce
that τ (zn)(T (xn)) → 0. But, we know that
τ (zn)
(
T (xn)
) = τ (zn)(gn) = gn(zn) for all n.
Then, gn(zn) → 0.
(2) Since T (xn) → 0 for σ(F , F ′) and the lattice operations in F are weakly sequentially continuous (because F is discrete
with an order continuous norm), then |T (xn)| → 0 for the topology σ(F ′, F ).
On the other hand, since each discrete KB-space is a dual (see Exercises 5.4.E2 of [4]), then F is a dual KB-space, the
rest of the proof is like of the proof of (1).
(3) As in (1), we conclude that |T (xn)| → 0 for σ(F , F ′).
Next, to prove that ‖T (xn)‖F → 0, it suﬃces to show that fn[T (xn)] → 0 for every norm bounded disjoint sequence ( fn)n
in (F ′)+ (Lemma 2.1). To this end, let ( fn)n be a norm bounded disjoint sequence of (F ′)+ . Since the norm of F ′′ is order
continuous, it follows from Corollary 2.9 of Dodds and Fremlin [3], that fn → 0 for the topology σ(F ′, F ′′). Finally, as the
operator T is weak Dunford–Pettis, we obtain fn[T (xn)] → 0.
(4) In this case each operator from E into F is Dunford–Pettis.
(5) Since F is reﬂexive, its identity operator IdF : F → F is weakly compact, and hence Theorem 5.99(3) of [1] shows
that IdF ◦ T = T is Dunford–Pettis. 
Remark 2.4. The ﬁrst (resp. second, third, fourth, ﬁfth) suﬃcient condition of Theorem 2.4 is not necessary. In fact, if we
take E = l∞ and F = c0, then each operator T : l∞ → c0 is Dunford–Pettis, but c0 is not KB-space (resp. the norm of the
topological bidual F ′′ = l∞ is not order continuous and l∞ does not have the Schur property).
For the next result, we need to establish the following characterization of the Schur property.
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(1) Each positive operator from E into l∞ is Dunford–Pettis.
(2) E has the Schur property.
Proof. (1) ⇒ (2) It follows from Theorem 2.1 that E has the positive Schur property.
On the other hand, since each positive operator from E into l∞ is Dunford–Pettis and the norm of l∞ is not order
continuous, then it follows from Theorem 2 of [5] that the lattice operations in E are weakly sequentially continuous.
Now if xn → 0 for σ(E, E ′) then |xn| → 0 for σ(E, E ′) and so ‖xn‖ = ‖|xn|‖ → 0. Then E has the Schur property.
(2) ⇒ (1) Obvious. 
For the converse of Theorem 2.5, we obtain
Theorem 2.6. Let E and F be two Banach lattices such that F is Dedekind σ -complete. If each positive weak Dunford–Pettis operator
from E into F is Dunford–Pettis, then one of the following assertions is valid:
(1) E has the Schur property.
(2) F has an order continuous norm.
Proof. It suﬃces to establish that if the norm of F is not order continuous, then E has the Schur property. Suppose that the
norm of F is not order continuous and consider an arbitrary positive operator T : E → ∞ . Since ∞ is order embeddable
in F (see Theorem 4.51 of [1]) and ∞ has the Dunford–Pettis property, then T is a weak Dunford–Pettis operator, and
hence it is Dunford–Pettis by our assumption. Finally, Theorem 2.5 ﬁnishes the proof. 
Remark 2.5. The second necessary condition of Theorem 2.6 is not suﬃcient i.e. there exist Banach lattices E and F such
that the norm of F is order continuous but a positive weak Dunford–Pettis operator T : E → F is not necessary Dunford–
Pettis. In fact, if we consider E = F = c0, it is clear that the norm of F = c0 is order continuous and the identity operator
Idc0 : c0 → c0 is weak Dunford–Pettis (because c0 has the Dunford–Pettis property) but it is not Dunford–Pettis.
Remark 2.6. The assumption “F is Dedekind σ -complete” is essential in Theorem 2.6. In fact, if we consider E = l∞ and
F = c the Banach lattice of all convergent sequences, it is clear that F = c is not Dedekind σ -complete and each operator
from l∞ into c is Dunford–Pettis. But the conditions (1) and (2) of Theorem 2.6 fail i.e. l∞ does not have the Schur property
and the norm of c is not order continuous.
If instead of assuming F is Dedekind σ -complete in Theorem 2.6, we assume that E has an order continuous norm, we
obtain
Theorem 2.7. Let E and F be two Banach lattices such that E has an order continuous norm. If each positive weak Dunford–Pettis
operator T from E into F is Dunford–Pettis, then one of the following assertions is valid:
(1) E has the Schur property.
(2) F has an order continuous norm.
Proof. It suﬃces to establish that if the norm of F is not order continuous, then E has the Schur property.
If the norm of F is not order continuous, we get F contains an order copy of c (Theorem 1.5 of [10]) which has the
Dunford–Pettis property. Therefore every positive operator T : E → c is weak Dunford–Pettis, and so it is Dunford–Pettis
because we assume that each positive weak Dunford–Pettis operator from E into F is Dunford–Pettis. Finally, Proposition 2
of [8] ﬁnishes our proof. 
As a consequence of Theorem 2.7, we derive the following characterization of the Schur property.
Corollary 2.2. Let E and F be two Banach lattices such that the norm of F is not order continuous. Then the following assertions are
equivalent:
(1) E has an order continuous norm and each positive operator T from E into F is Dunford–Pettis.
(2) E has the Schur property.
Now, if in Theorem 2.7, we replace the word “each positive weak Dunford–Pettis operator T from E into F is Dunford–
Pettis” by the statement “each weak Dunford–Pettis operator T from E into F is Dunford–Pettis”, we obtain the following
result.
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T : E → F is Dunford–Pettis, then one of the following assertions is valid:
(1) E has the Schur property.
(2) F is a KB-space.
Proof. It suﬃces to establish that if F is not a KB-space, then E has the Schur property. Suppose that F is not a KB-space
and consider an arbitrary operator T : E → c0. Since c0 is order embeddable in F (see Theorem 4.60 of [1]) and c0 has
the Dunford–Pettis property, then T is a weak Dunford–Pettis operator, and hence it is Dunford–Pettis by our assumption.
Finally, Theorem 2 of [7] ﬁnishes the proof. 
Remark 2.7. The second necessary condition of Theorem 2.8 is not suﬃcient i.e. there exist Banach lattices such that F is a
KB-space but a weak Dunford–Pettis operator T : E → F is not necessary Dunford–Pettis. In fact, if we take E = F = L1[0,1],
it is clear that F = L1[0,1] is a KB-space and the identity operator IdL1[0,1] : L1[0,1] → L1[0,1] is weak Dunford–Pettis
(because L1[0,1] has the Dunford–Pettis property), but it is not Dunford–Pettis.
As a consequence of Theorem 2.8, we obtain
Corollary 2.3. Let E and F be two Banach lattices such that F is not a KB-space. Then the following assertions are equivalent:
(1) E has an order continuous norm and each operator T from E into F is Dunford–Pettis.
(2) has the Schur property.
Proof. (1) ⇒ (2) Since F is not a KB-space, the result follows from Theorem 2.8.
(2) ⇒ (1) Obvious. 
Remark 2.8. In Corollary 2.3, the word “each operator T : E → F is Dunford–Pettis” cannot be replaced by the statement
“each positive operator T : E → F is Dunford–Pettis”. In fact, if we take E = L1[0,1] and F = c0, the Banach lattice L1[0,1]
does not have the Schur property, but L1[0,1] has the property mentioned in the statement.
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